STOCHASTIC INTEGRATION FOR A WIDE CLASS 
OF GAUSSIAN STATIONARY INCREMENT 
PROCESSES USING AN EXTENSION OF THE 
"(N- 5-TRANSFORM 
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' Abstract. Given a Gaussian stationary increment processes with 

spectral density, we show that a Wick-Ito integral with respect to 
I this process can be naturally obtained using Hida's white noise 

p I . space theory. We use the Bochner-Minlos theorem to associate a 

probability space to the process, and define the counterpart of the 
S'-transform in this space. We then use this transform to define 
the stochastic integral and prove an associated Ito formula. 



1. Introduction 

m_ 

^ ! Stochastic integration with respect to general Gaussian processes can 

be found in [121 Ch.7]. An extension of Ito formula for such integrals 
O ■ has been derived by Nualart and Taqqu f2T\ [22] and recently in [T] in 

the setting of white noise analysis. 

In this paper we extend the S'-transform approach to develop stochas- 
tic calculus and derive additional results for the family of centered 
Gaussian processes with covariance function of the form 

"5 : KUt, s) = / — m(Orfe 

where m is a positive measurable even function subject to 

m(u) 

-at, < oo. 



e + 1 

Note that Km{t, s) can also be written as 

Km.{t,s)=r{t)+r{s)-r{t-s), 
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where 

Jr s 

This family includes in particular the fractional Brownian motion, 
which corresponds (up to a multiplicative constant) to m(^) = l^^l^"^^, 
where i/ G (0,1). We note that complex- valued functions of the form 



K{t, s) = r{t) + r{s) - r{t - s) - r(0), 

where r is a continuous function, have been studied in particular by von 
Neumann, Schoenberg and Krein. Such a function is positive definite 
if and only if r can be written in the form 

where a is an increasing right continuous function subject to < 
oo. See [20], [18], and see [2] for more information on these kernels. 

As in [2], our starting point is the (in general unbounded) operator 
on the Lebesgue space of complex- valued functions L2(M) defined by 

(1-1) C/(o = v^iom, 

with domain 



I Jr 

where /(^) = e~^^^f{t)dt denotes the Fourier transform. Clearly, 

the Schwartz space of smooth rapidly decreasing functions belong 
to the domain of T^ . The indicator functions 

l[o,t], ^ > 0, 
1m] t<0, 

also belong to D(Tm). In [2], and with some restrictions on m, a 
centered Gaussian process Bm with covariance function Km{t,s) = 
(Tmlt,Tmls) was constructed in Hida's white noise space. In the 
present paper we chose a different path. We build from Tm the charac- 
teristic functional 



II'^"'''IIl2(M) 



(1.2) CUs) = 

It has been proved in [3] that Cm is continuous from ^ into L2( 
Restricting Cm to real-valued functions and using the Bochner-Minlos 
theorem, we obtain an analog of the white noise space in which the 
process Bm is built in a natural way. Stochastic calculus with respect 
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to this process is then developed using an ^'-transform approach. 

We note that when m(^) = |^|^~^^, and H G (|, 1), the operator 
reduces, up to a multiphcative constant, to the operator defined 
in [To] and in [5]. The set presented in [H equation (3)], is closely 
related to the domain of T^, and the functional Cm was used with 
the Bochner-Minlos theorem in [6], (3.5), p. 49]. In view of this, our 
work generalized the stochastic calculus for fractional Brownian motion 
presented in these works to the aforementioned family of Gaussian pro- 
cesses. 

Note moreover that the function </> from the last references defines the 
kernel associated to the operator T^T^, via Schwartz' kernel theorem, 
with m = Mh- In the general case, the kernel associated to the oper- 
ator T^Tm is not a function. This last remark is the source for some 
of the difficulties arises in extending Wick-Ito integration for fractional 
Brownian motion such as the distinction between the cases H < ^, 
H > ^ and i/ = |. An advantage of our approach is that such issues 
do not arise. 

There are two main ideas in this paper. The first is the construction 
of a probability Gaussian space in which a stationary increment pro- 
cess with spectral density m is naturally defined. This result, being a 
concrete example of Kolmogorov's extension theorem on the existence 
of a Gaussian process with a given spectral density, is interesting in 
its own right. The second main result deals with developing stochastic 
integration with respect to the fundamental process in this space. We 
take an approach based on the analog of the S'-transform in our setting, 
and show that this stochastic integral coincides with the one already 
defined in [1] but in the framework of Hida's white noise space. 

Possible extensions and applications of the ideas presented here are in 
the field of stochastic control by considering systems driven by Gauss- 
ian noise of an arbitrary spectrum. The case of fractional noise was 
investigated for example in [13], [IT] and [5]. We argue that extensions 
of some of these works to systems driven by noises of a more general 
spectrum is straightforward in view of our present work. 

The paper consists of five sections besides the introduction. In Section 
[2] we construct an analog of Hida's white noise space using the charac- 
teristic function Cm- In Section [3] the associated fundamental process 
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Bm is being defined and studied. The analog of tlie S'-transform is 
defined and studied in Section |H In Section [S] we define a Wick-Ito 
type stochastic integral with respect to Bm, and prove an associated 
Ito formula. In the last section we relate the present stochastic integral 
with previous extensions of the Ito integral for non semi-martingales. 



2. The m Noise Space 

We set to be the space of real- valued Schwartz functions, and Q = 
We denote by !B the associated Borel sigma algebra. Throughout 
this paper, we denote by (-, ■) the duality between and .5^, and by 
(■, ■) the inner product in L2(M). In case there is no danger of confusion, 
the L2(M) norm will be denoted as || ■ ||. 

Theorem 2.1. There exists a unique probability measure on (fi, S) 
such that 

Jo, 

Proof: The function Cm(s) is positive definite on since 

Cm{.si-S2) = exp |-^||T„sif |xexp{(TmSi,rmS2)}xexp |-^||rmS2|p 

Moreover the operator Tm is continuous from ^ (and hence from 
into L2(M). This was proved in [3], and we repeat the argument for 
completeness. As in [3] we set K = ^^^du and s^{u) = s{—u). We 
have for s E S^: 

\\Tms\\'^ = [ \'s{u)\'^m{u)du 

1 + " 

<k( [ / is'^(s«)'im 

where we have denoted convolution by Therefore Cm is a contin- 
uous map from into M, and the existence of /im follows from the 
Bochner-Minlos theorem. □ 



The triplet {Q,'B,fim) will be used as our probability space. 
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Proposition 2.2. Let s E Then: 

(2.1) E[{u,s)'] = \\T„,s\\l^^^y 
Proof: We have 

(2.2) e-5ll^'"^ll'= [ e*<-'^>rf^„(a;). 

Jn 

Expanding both sides of (12. 2p in power series we obtain 



(2.3) E[{io,s)]= I {u,s)dfim{io) = 0. 
and 

(2.4) E [{u, s)^] = I {u, sfd^i^iu) = {TmS, TmS)j 



We now want to extend the isometry (12. ip when s is replaced by / 
in the domain of Tm- This involves two separate steps: First, an ap- 
proximation procedure, and next complexification. The following two 
propositions deal with the approximation. 

Proposition 2.3. The space Tm{y) is dense in the range ofTm- 

Proof: Let / G I'(Tln) be such that T^/ is orthogonal to Tm(^), 
and let n = 1,2,... denote the Hermite functions. Since these are 
eigenvectors of the Fourier transform we have: 

{Tmf 1 TfYih-n^ 



mf, Vmhn^ 
Cn {mf, , 



where c„ G M depends only on n. So mf = since the hn form a basis 
of L2(M). Thus y/^f = and so Tmf = 0. □ 

Theorem 2.4. The isometry (12. ip extends to T^f where f is real- 
valued and in the domain of T^- 

Proof: We first note that, for / in the domain of Tm we have 



(2.5) Tmf = Tmf. 
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Indeed, since m is even and real we have 

£7 = v^(/)" = (v^/)" = = ©• 

Let now / be real-valued and in the domain of T^, and let {sn)nm be 
a sequence of elements in y such that 

(2.6) lim \\TmSn - T^fW = 0. 

n— >oo 

In view of fl2.5p . and since / is real- valued we have 

(2.7) lim ||r^s;:-r^/|| =0. 

n— >oo 

Together with fl2.6p this last equation leads to 

(2.8) lim ||r„(Res„)-r^/|| =0. 

In particular (Tm(Re Sn))n£N is a Cauchy sequence in L2(]R). By (12. ip . 
((a;,Re s„))„gN is a Cauchy sequence in W^- We denote by {uj,f) its 
limit. It is easily checked that the limit does not depend on the given 
sequence for which (12. 6p holds. □ 

We denote by D^(Tm) the elements in the domain of which are 
real- valued. 

Let f,g & D^iTm). The polarization identity applied to 

(2.9) E[{u, ff] = ||T^/||L(M), / e Dm(T„). 
leads to 

In view of (12. 5p . Tmf and T^g are real and so we have: 
Proposition 2.5. Let f,g E DiK(Tm). It holds that 

(2.10) E[{u:,f){io,g)] = {Tmf,T^gh,iu). 

Proposition 2.6. {{oj,f), f G Ti^iTfn)} is a Gaussian process in the 
sense that, for every linear in the sense that for any /i, /„ G T)]s^(Tm) 
and ai,...,a„ G M, the random variable 'Y^^=i^i{^-: fi) has a normal 
distribution. 

Proof. By (Q, for A G M we have, 

Jn 

(2-11) = /"e^<-'^E-U'^>/')ci/i„(a;) 
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□ 

In particular, we have that for any ^i,...,^„ G Tl^{Tm) such that 
TjnCi, ■■■^Tjnin are orthonormal in L2 (M) and for any (j) G L2(M") 
(2.12) 

If "12 
E[(/>((c^,6), = -— ^ / (/)(xi,...,x„)TTe-^'^'"'(ia;i- ...-dx^. 

Definition 2.7. We set S to 6e the a-field generated by {{u, f), f G T)^ (Tm)}, 
and denote W^, = L2 (^2, S, fJ-m) ■ 

Note that 9 may be significantly smaller than S, the Borel a-field of 
Q. For example, if m = 0, then Tm is the zero operator and S = 
{0,fi,O,l]\{O}}. 

We will see in the following section that the time derivative, in the 
sense of distributions, of the fundamental stochastic process in the 
space has spectral density m{^). It is therefore justify to refer 
as the m-noise space. 

In the case m{^) = 1, is the identity over L2 (M) and fim is the 
white noise measure used for example in [HI (1.4), p. 3]. Moreover, by 
Theorem 1.9 p. 7 there, S equals the Borel sigma algebra and so the 
1-noise space coincides with Hida's white noise space. 

3. The process Bm 

We now define a process B^ ■ M — >■ via 

B.,n{t) = Bm{t,uj) = {uj, It). 

where 1a is the indicator function of the set A and It = l[o,t]- This 
process plays the role of the Brownian motion for the Ito formula in 
the space W^. Note that this is the same definition as the Brownian 
motion in [13], the difference being the probability measure assigned 
to {n,'B). 



Theorem 3.1. B^ has the following properties: 

(1) Bm is a centered Gaussian random process. 

(2) fort,s G M, the covariance of Bm{t) and B^is) is 

r g«?< _ I e"*?'^ — 1 
Km{t,s) = / rn{^)d^ = {Tmlt,Tmls) ■ 

(3) The process Bm has a continuous version under the condition 

— -iTid^ < 00 

1 + 



8 DANIEL ALPAY AND ALON KIPNIS 

Proof: (1) follows from ( l2TT]) and (lOil . 
To prove (2), we see that by fl2.10p we have 

= Re {Tmlt,Tmls) 

since this last expression is real. 

The covariance function is a particular case of the covariance func- 
tion K„ presented in [3] and (3) is a consequence of Theorem 10.1 
there. □ 

We bring here two interesting examples for specific choices of the spec- 
tral density m and the resulting process B^- 

Example 3.2 (filtered white noise). Consider the spectral density 

mi(0 = lhA,A], A>0. 
The corresponding process Bm^ has the covariance function 
1 I- cos(tO - cos(sO + cos(^(t - s)) 

The time derivative of this process also belongs to W^, and is a sta- 
tionary Gaussian process with covariance 

(3.1) ^JC.(M)^^re-'-'^^^^ ^-'°'f-" 

otds y/27r J -A t - s 

This process can be obtained in physical models by passing a white noise 
through a low-pass filter with cut-off frequency A. We can see from the 
covariance function (13. ip that each time sample to & M. is positively 
correlated with time samples in the interval [to)^o + ^) > negatively 
correlated with time samples in the interval (to + + |j) and so on 

with decreasing magnitude of correlation. This behavior may describes 
well price fluctuation of some financial asset. 

Example 3.3 (band limited fractional Brownian motion). We can 

combine the spectral density mi from the previous example with the 
spectral density \^\^~'^^ of the fractional noise with Hurst parameter 
He (0.5, 1) to obtain a process with covariance function 

1 1 - COs(tO - COs(gO + COS ((t - S)0 |^|i_2H , ^ 

V27r J_A r 

This process shares both properties of long range dependency of the 
fractional Brownian motion with Hurst parameter H and the ripples 
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of the filtered noise for its time derivative. As the bandwidth A ap- 
proaches infinity, the covariance function uniformly converges ( up 
to a multiplicative constant) to the covariance of the fractional Brown- 
ian motion. 

Our next goal is to develop stochastic calculus based on the process 
in the space Wm- The definition of the Wiener integral with respect to 
Bm for / G D (Tm) is straightforward and given by 



(3.2) / f{t)dBUt) = {ioJ). 

Jo 

Note that since 

/ mio\mM=< sup(i+ai/(oi' / ^rf?<oo, 

a sufficient condition for a function / G L2 (M) to be in the domain of 
Tm is 

sup(l+ai/(OP<oo. 

This is satisfies in particular if / is differentiable with derivative in 
L2 (M). 

Recall that in the white noise space one defines the Ito-Hitsuda sto- 
chastic integral of Xf on the interval [a, b] as 

Xt o B,ndt 



where Bm denotes the time derivative of the Brownian motion and o 
denotes the Wick product. The chaos decomposition of the white noise 
space is used in order to define the Wick product and appropriate spaces 
of stochastic distributions where B^. lives. 

Chaos decomposition for can be obtained by a similar procedure 
to the one carried in [TU [101 section 3] for the fractional Brownian 
motion. A space of stochastic distributions that contains B^ and is 
closed under the Wick product can similarly be defined. However, some 
inconvenience arises when one tries to obtain a chaos decomposition for 
Wm since any basis to yield it explicitly depends on the spectral density 
m through Tm- Moreover, the time derivative of the process Bm may 
already exists as an element of Wm as Example 13.21 teaches us. For 
those reasons we find that an approach based on the analog of the S 
transform in our setting is more general and natural since it uses only 
the expectation and the Lebesgue integral on the real line. 
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4. The Sm transform 

We now define the analog of tlie S transform in tfie space and 
study its properties. Some of the results can be carried out immedi- 
ately from properties of the S transform of the white noise space from 
[TTj for example, but others require more attention. 



For s G S^M. we define the analog of the Wick exponential in the space 

Definition 4.1. The Sm transform of ^ & is defined by 

(S„$)(s) ^ / : e<-'^> : ^u)dfim{u) = E [: e<-'^> : <l>{u)] , s e y^. 
Jn 

The following result is similar to [H Theorem 2.2]. 

Theorem 4.2. Let <l>,^ G Wm- If (Sm$) (s) = (S„^) (s) for all 
s G then $ = ^. 

Proof: By linearity of the Sm transform, it is enough to prove 

Vs G y, (§„,$) (s) = ^ $ = 0. 

Let {^n}„gN C be a countable dense set in L2(M) and denote by Sn 
the cr-field generated by {(c<;,^i), We may choose {^n}„gN 
such that {TmCn}neN orthonormal. For every n G N, i?[$|Sr 
(f)n{{uj,^i), {u,^n)) for some measurable function 0„ 
such that 



where x' denotes the transpose of for instance [3 Proposition 

2.7, p. 7]. Thus, for t = {ti, G M", using fl232D we obtain 

Jn 

= e-^Efe=itfelirm?fc|p — I ■ ■ ■ I e^*^=i 0„ (xi, e~ 5 EIU ^1(^3;^ 

(27r)2 J J 

0„ (x) e-^(^-*)'(^-*)(ix. 

By properties of the Fourier transform, we get that = for all 
n G N. Since UneN Sn = S we have $ = 0. □ 
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Definition 4.3. A stochastic exponential is a random variable of the 
form 

We denote by S the family of linear combinations of stochastic expo- 
nentials. 

Since : e^*^'-^^ := e~^"^'"-'^"^e^'^'-^^, the following claim is a direct conse- 
quence of Theorem 14. 2[ 

Proposition 4.4. S is dense in W^. 

Definition 4.5. A stochastic polynomial is a random variable of the 
form 

{^,f2)) , /i, •••,/« e (T^) . 

for some polynomial p in n variables. We denote the set of stochastic 
polynomials by 0^ . 

Corollary 4.6. The set of stochastic polynomials is dense in W^- 

Proof. We first note that the stochastic polynomials indeed belong to 
because the random variables (w, /) are Gaussian and hence have 
moments of any order. 



Let $ G such that E [$j9] = for each p G Then any / G 
(4.1) 



E [e<"'^>$(a;)] = E 



E 



n=0 



oo 



EE 

n=0 



.n=0 

where interchanging of summation is justified by Fubini's theorem since 

oo 

< 

oo 

SE 



77,! 



°° 1 I 



'(2n-l)!! 



n=0 

oo 



Tmf |Il.(m)\/E [$M1 



2" 



n=0 
2||T„ 



(We have used the Cauchy-Schwarz inequality and the moments of a 
Gaussian distribution). 

We have showed that E [e<'^'^><l'(a;)] = for any / G 2)ffi(T„) so by 
Theorem 14.21 we obtain $ = in Wm- □ 



12 DANIEL ALPAY AND ALON KIPNIS 

Lemma 4.7. Let f,g e 'D^(Tm)- Then 

E[: e^'^''^^ : : e^"^'^^ :] = e^^'"-^''^™^^L2(K). 

Proof: 

(4.2) E[: e<"'^> :] = e"5r-/lp£;[e(-,/>] = 

since E[e^'^'^^] is the moment generating function of the Gaussian ran- 
dom variable (a;, /) with variance ||Tm/|p valued at 1. 
Thus we get 

□ 

The following formula is useful in calculating the Sm transform of a 
multiplication of two random variables, and can be easily proved using 
Lemma 14.1 
(4.3) 



f,geD^{Tj. 



Proposition 4.8. Let be a sequence in Wm, that converges in Wm 

to $. Then for any s G the sequence of real numbers ($«) (s)} 
converges to ($) (s). 

Proof. For any s G ^5^, 



< JE 


(: e<"''> 0^ 







By direct calculation E 
0, the claim follows. 



(: e<^'^> :)^ = el'^™""" and since E [($„ - $)^] 



□ 



In the statement of Theorem 14.91 recall that is a bounded operator 
from into L2(M) and so its adjoint is a bounded operator from 
L2(M) into 



Theorem 4.9. For $ G anc? s G 



S,„$(s)= / ^u + T;:^Tms)dfiM. 
Jn 
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Proof. Assume first that $ (u) =: e^'^''^^^ : where Si G y^.- We have by 
Lemma 14.71 that 

n Jn 

Jn 

The result may be extended by hnearity to any $ G £ which is a dense 
subset of Wm by Propositions 14.41 and 14. 8[ □ 

We can find the Sm transform of powers of (w, /) for / G Ti^{Tm) by 
the formula for Hermite polynomials. 



Corollary 4.10. For f G 2)ifj(Tm) and s G Sr, we have that 

m\(n — 2m)\ 



(4.4) (T....r„/r.niE '-^' '^"^^irr!:''''"-^''^ 

^ mUn — /mil 

m=0 

m particular 

(4.5) (S™(a;,/))(s) = (T^/,T^s) 

(4.6) (S„(a;,/)2)(s) = (T^/, T„,s) V ||r^s| 

Proof. From Lemma 14.71 we get that 

(S^:e<-'^> :)(s) = e(^-^'^-^\ 

then, 



(4.7) .-iiiwiPs (,,) = ^ ^, 

\fc=0 / k=0 

By the linearity of the Sm transform and Fubini's theorem, and replac- 
ing / by tf with t G M we compare powers of t at both sides to get 

n. □ 

This last corollary can be also formulated in terms of the Hermite 
polynomials. Recall that the nth Hermite polynomial with parameter 
t G M is defied by 

[n/2\ 2m f2m 

(4.8) (x) ^ V ^ o ^, 
^ ^ " ^ ^ ^ m\(n - 2m)! 

m=0 ^ ^ 
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(see for instance [IHl p. 33]). For / G 2)(T'm) we define 
(4.9) 




2m 



and we also set h^ 



— 



1. 



So by (14. 4p we have that 




§>rnhn{{0J, f))j (s) = {TmS,Tmf) 



Using Equation 14.41 and Lemma 14. 7[ one can easily verify the following 
result: 

Proposition 4.11. Let f e 1)R(Tm). It holds that: 



It is possible to define a Wick product in W.^ using the Sm transform. 

Definition 4.12. Let G W,„. The Wick product of ^ and \& is 
the element $ o G Wm that satisfies 



if it exists. 

As this definition suggests, in general the Wick product is not stable 
in W^. 

From f l4.10p . the Wick product of Hermite polynomials satisfies 



K{{uj,f))ohk{{uj,f)) = K+k{{(^,f)), n,keN, /gT'k(T^). 



We now use the Sm-transform to define a Wick-Ito stochastic integral 
and prove an Ito formula for this integral. In the next section we also 
show that for particular choice of m, our definition of the stochastic 
integral coincide with previously defined Wick-Ito stochastic integrals 
for fractional Brownian motion; see [HI E] . We set 



(4.11) 




fc=0 



St($ o ^) (s) = (St$) (s) (St^) (s) , Vs G 



5. The stochastic integral 



'B,{t)=§^{Bm{t)){s). 



By (14. 5 p we see that 



(5.1) 
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This function is absolutely continuous with respect to Lebesgue mea- 
sure and its derivative is 

(5.2) CBsit))' = [ miOme'^'d^- 

We note that when Tm is a bounded operator from L2(M) into itself we 
have by a result of Lebesgue (see [23l p. 410]), (S,(t))' = {T^Trns)it) 
(a.e.). 



Definition 5.1. Let M e R be a Borel set and X : M — )■ Wm a 

stochastic process. The process X will he called integrable over M if 
for any s G {SmXt) {s)'Bs{t)' is integrable on M, and if there is a 
$ G Wjn such that 



S™$(s)= [ i§,r.Xt)is)'Bsitydt. 
Jm 



for any s G ^r. If X is integrable, $ is uniquely determined by Theo- 
4-^ and we denote it by Jj^ XtdB^ {t). 



rem 



If T = /(ii2(K)) this definition coincides with the Hitsuda-Skorohod in- 
tegral [m Chapter 8]. See also Section |5l 

Note that since 

|S.(t)'|< / miO\m\dC<snp\{l + e)m\ [ ^,d^<oo, 

for any s G =y there exist a constant Kg such that 

I / §mXt{s)'Bsitydt\ < Ks [ |E [Xt : e<"'^> :] \dt 
Jm Jm 

< KsE [: e^'^''^ :] / E\Xt\dt. 
Jm 

Thus a sufficient condition for the integrability of SjnXt{s)'Bs{ty is 
J^jE\Xt\dt <oo. 

We note that general conditions for the integrability of a stochastic 
process on cannot be easily obtained. Inconvenient conditions for 
integrability is the price we pay for not relying on stochastic distribu- 
tions. 

Theorem 5.2. Any non-random f G V^iTm) is integrable and we 
have, 



(5.3) / f{t)dBUt) = {u,l[o,r]f). 
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Proof. In virtue of (14. 5 p and the definition of the stochastic integral, 
we need to show that 



f{t)'B>s(t)'dt= {TmS,Tml[0,r]f) • 



Using formula fl5.2p and Fubini's theorem, we have: 

fmsitydt = J^^ fit) ^m(0s(0e*«*rfe) dt 



□ 



Proposition 5.3. The stochastic integral has the following properties: 

(1) For < a < 6 G M, 

Brn{h) - Bra{a) = I dBr,,{t) 
J a 

(2) Let X : M — y an integrable process. Then 

[ XtdB„Xt)= I UiXtdBmit). 

(3) Let X : M — y an integrable process. Then 



E 



XtdBmit) 



M 



(^j^XtdB^{t)^ (0) = 



(4) The Wick product and the stochastic integral can he interchanged: 
Let X : M — > an integrable process and assume that for 
Y G Wm, Y o Xf is integrable. Then, 



Yo I XtdBT{t)= f YoXtdBrit) 
Jr Jr 
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Proof. The proof of the first three items is easy and we omit it. The 
last item is proved in the following way: 

S^(Fo / XtdBUms) = {S^Y){s) I {S^Xt){s)dBT 
Jr Jm 

{SmY){s){§^Xt){s)dB^ 

M 

'' YoXtdBrn{t)){s). 



□ 



Example 5.4. For r > 0, we have by equation (14.61) . 

d 1 2 

J {TfnS, Tfnlt) ^ {T^s, T^lt) dt = - (TmS, T^It) 

= h^{{uj,lt)-\\Tmhf) (S). 

Then B^ is integrable on the interval [0,r], and we have 

^ B,^it)dBUt) = ^Brairf - ^\\T„,Uf. 

This reduces to the well known result if m{^) = 1 and T^ is then the 
identity operator. 

Example 5.5. Let hn be defined by (14. 9p . A similar argument to the 
one in (15. 2p will show that any f such that for any fit £ '^{Tm) we 
have that the function t i— )■ {T^s, Tmflt) is differentiable with time 
derivative 

^(T^.s,T„ju) = f{t) f miome-'M = fms{ty. 

By a similar argument to Theorem \5.2\ we have 

1 „ /r .\ , . 1 



n + 1 



Sm (hn+l {{UJ, Ir/)) {t)) (s) = — - (T„S, T^l^/) 

V / n + 1 

{T^s^T^fitTfmsitydt 

f{t)K{{uj,lJ))dB^{t)]{s). 



Thus, 

(5.4) / f{t)hn {{CO, Itf)) dB^ {t) = -^hn+l {{UJ, Irf)) 
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It follows from (15 .4^ that for any polynomial p and / with Itf G T>{Tra) 
the process p{{uj, Itf)) is integrable. This result can be easily extended 
to the process 

and we also obtain 
Corollary 5.6. 

Jo 

Example 5.7. Let f G 'D]^{Tm)- Using (14.31) we can obtain 

S„ (^: e<-'^> : : e<-'^*> : (s) = (: e<-'^> : : e<-'^^> : - : e<-'^> :) (s) 

_ ^{TmS,T,nf) ^g(rmS,Tmlr)g(T'm/,TmlT) 

On i/ie oi/ier hand, 

— ^{TmS,Tmf) ^^iTmS,Tm.lT) ^(TniftTmlT) ]^ ^ 

5*0 m general for an integrable stochastic process X and a random vari- 
able Y , 

Y / XtdB,^{t) ^ / YXtdBmit). 
Jo Jo 

6. Ito's formula 

In this section we prove an Ito's formula. We begin by proving an 
extension of the classical Girsanov theorem to our setting. 

Theorem 6.1. Let f G D{Tm), and let fi be the measure defined by 
= E[: 6^"^'^""^^ : 1^]. The process 

Bmit) = Bm{t) — {Tmf,Tmlt), 

is Gaussian and satisfies 

Proof: We will first prove that for alH > 0, Bm{t) is a Gaussian random 
variable relative to the measure /i by considering its moment generating 
function [e^^'"(*)j , A G M, 
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(6.1^ 



E 



g-A{T„/,it) e-5ll^-/ll'E \^e'^'^'Tmf+xu^ ^ 



Since {u, cf) + Alj) is a zero mean Gaussian random variable with vari- 
ance 



\Tm{f + \lt] 



its moment generating function evaluated at 1 is given by 
(6.2) E [e<'^'^'"-''+^^'^] = e5li'^™-^ll'e5^'ll^'"^'l''e^(^'"^'^'"^'\ 



and we conclude from fl6.1D that 



(6.3) 



E,, 



1 \2 



62 



A llTmltll 



Thus for all t > 0, Bm{t) is a zero mean Gaussian random variable on 
(f2, 9,/im)- Similar arguments will show that any linear combination 
of time samples is a Gaussian variable, and thus Bm(t),t > is a 
Gaussian process. Finally, by the polarization formula. 



□ 



We now interpret integrals of the type J^^ ^{t)dt, where for every it G 
[0,r], $(t) G Wm, as Pettis integrals, that is as 



E 



$(t)(it ^ 



E[$(t)^](it, e 



under the hypothesis that the function t i— )■ E[$(t)\E^] belongs to Li([0, r], dt) 
for every \E' G Wm- See |T2l pp. 77-78]. We note that if X is moreover 
pathwise integrable and such that the pathwise intregral belongs to 



Wm, then 



E\\XA]dt < oo, 



and we can apply Fubini's theorem to show that both integrals coin- 
cide. It is also clear from the definition of the Pettis integral that it 
commutes with the Sm transform. 
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We define the conditions 

(6.4) E[|F(t,Xi)| :e<^'^> :] < oo 

|^(t,X,)|:e<-'^>: < oo 
.OF 



(6.5) 
(6.6) 



E 
E 



dx 



{t,Xt)\:e 



< oo 



forFeCi'2([0,oo),M). 

We shall now develop an Ito formula for a class of stochastic processes 

of the form, 

(6.7) 

Xt{u)= [ f{t)dBm{t) = {io,l[o,r]f). r>0, /[o,.]/e2)(T„). 
Jo 

Theorem 6.2. Let F G C^-^ ([0, oo) , M) satisfying ([62D-([6lD, and 

assume that the function ||Tml(/p is absolutely continuous with respect 
to the Lebesgue measure as a function oft. Then we have, 



(6.^ 



F(r, Xr) - F(0, 0) = ^ ^F{t, Xt)dt + /W^^ ^t) dBm (t) 



1 r d 



2./o ctr 



in 



This proof is based on [191 Section 13.5]. 



Proof. Let s G and / G 2) (T^). It follows from Theorem 16.11 that 
for every t G [0, r], Xt(a;) = (w, 1^/) is normally distributed under the 
measure 



/is(A) = E 
with mean 

and variance 



l^exp <j (a;,s) - i||T^sf 



E [1^ : e^^^'^] , 



IT 1 



m-L[0,£]. 
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Thus, 
(6.9) 

{§^F{t,Xt))is) = E[: e^'^'^) 

F {t,U+ {Tml[0,t]f,TmS)) p {\\Tml[0,t]ff,u) du, 

where p{w, u) = -^j^^e. and satisfies, 

d 1 

Integrating by part we obtain: 

f d"^ f d'^ 

(6.11) J F{t,u)—p{w,u)du = J —F{t,u)p{w,u)du. 

In view of fl6.4p - fl6.6p we may differentiate under the integral sign by 
fra. flHTO]) and (KWf and obtain for < t < r, 

d f d 

-$rn{F{t,Xt)){s) = J -F{t,U+{TmllO,t]f,TmS))p{\\T^llo,t]ff,u)du 

d d 

— F {t,U+ {Tml[0,t]f,TmS)) — {Tml[0,t]f,TmS)p{\\Tml[0,t]ff,u) du 

+ J^F{t,u+{T^l[o,t]f,T^s)) -||r^l[o,,]/f _p(||r„l[o,<]/||^)rfM 

= S„ (^^F (t, Xt)^ (s) + ^ {Tr^s, r„l[o,i]/) S™, (^-^F (t, X,)^ (s) 
+ ^|l|T.lM/f-S.(^nt,X.))(.). 

Hence, 
(6.12) 

S„ (F (r, X.) - F (0, 0)) (s) = ^ Sm (^^F (t, X^)^ (s)rft 

- (T^s,T^l[o,i]/) S™, i^—F{t,Xt)\ {s)dt 
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Note that, 

S„ (^j^\f{t)^F{t,Xt)dBUt) 

Thus we may use Fubini's theorem to interchange the S'm-transform 
and the pathwise integral, and obtain that the S'm-transform of the 
right hand side of (16. 8p is exactly the right hand side of (16.121) and the 
theorem is proved. □ 

7. Relation with other white-noise extensions of 
Wick-Ito integral 

Recall that the white noise space correspond to m{^) = 1, so denoting it 
Wi is consistent with our notation, and Si is the classical S'-transform 
of the white noise space. We define a map Tm '■ — > Wi by 
describing its action on the dense set of stochastic polynomials in W^: 

Note that since D (T^) C L2 (M) this map is well defined. It easy to 
see that T^^^ is an isometry of Hilbert spaces. By continuity we obtain 
that 

hence 

So this relations between the 5*1 and the Sm transform is extended such 
that for any $ G W^, 

Let X : [0,r] — > be a stochastic process. We have defined its Ito 
integral as the unique element $ G (if exists) having 5'm-transform 

(S^$) (s) = j^^ {Xt) {s)j^ {T^s, T^lt) {s)dt. 

This suggests that if we define in the white noise the process Bm as 
(WjTmlf) and stochastic integral with respect to Bm as the unique 
element $ G 'Wi(if exists) having S'l-transform 

(7.1) (§1$) {s) = (X,) (s)| (s, T^U)) {s)dt, 
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both definitions coincides in the sense that 



Recall that the fractional brownian motion can be obtained in our set- 
ting by taking m = ||^|^^^^, H G (0, 1), which results in Tm = Mh, 
where defined in |10]. In the white noise, the fractional Brown- 
ian motion can be defined by the continuous version of the process 

{{u,MHlt)}tyo- 

An approach based on the definition described in (17.11) for the fractional 
Brownian motion was given in Due to Theorem 3.4 there, under 
appropriate conditions our definition of the Ito integral in the case of 
Tm = Mh coincide in the sense of (17.21) with the Hitsuda-Skorohod 
integral. Stochastic integration in the white noise setting for the fam- 
ily of stochastic processes considered in this paper can be found in [1] , 
and its equivalence to the integral described here can be obtained by a 
similar argument to that of Theorem 3.4 in [1]. 
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